Controlled Lagrangian and matching techniques are developed for the stabilization of equilibria of discrete mechanical systems with symmetry as well as broken symmetry. Interesting new phenomena arise in the controlled Lagrangian approach in the discrete context that are not present in the continuous theory. Specifically, a nonconservative force that is necessary for matching in the discrete setting is introduced. The paper also discusses digital and model predictive controllers.
Introduction
In the controlled Lagrangian approach, one considers a mechanical system with kinetic energy invariant with respect to a Lie group action on the configuration space. To stabilize an equilibrium, the kinetic and potential energies are modified to produce a controlled Lagrangian. The equations corresponding to this controlled Lagrangian are the closed-loop equations and the new terms appearing in those equations correspond to control inputs. The modifications to the Lagrangian are chosen so that no new terms appear in the equations for the variables that are not directly controlled. One advantage of this approach is that once the form of the control law is derived using the controlled Lagrangian, the stability of an equilibrium of the closed-loop system can be determined by energy methods, using any available freedom in the choice of the parameters of the controlled Lagrangian. To obtain asymptotic stabilization, dissipation-emulating terms are added to the control input.
The main objective of this paper is to develop the method of controlled Lagrangians for discrete mechanical systems. As the closed loop dynamics of a controlled Lagrangian system is itself Lagrangian, it is natural to adopt a variational discretization that exhibits good long-time numerical stability (see [5] ). This study is also motivated by the recent development of structurepreserving algorithms for the numerical simulation of discrete controlled systems (eg., discrete optimization).
The matching procedure is carried out explicitly for discrete systems with one shape and one group degree of freedom to avoid technical issues and to concentrate on the new phenomena that emerge in the discrete setting that have not been observed in the continuous-time theory. It is also shown that once spectrally stabilized, the equilibria of interest can be asymptotically stabilized by adding dissipation-emulating terms. The discrete controlled dynamics is used to construct a real-time model predictive controller with piecewise constant control inputs. This serves to illustrate how discrete mechanics can be naturally applied to yield digital controllers for mechanical systems.
Discrete Matching
For simplicity, we consider systems with one shape and one group degree of freedom and assume that the configuration space Q is the direct product of a one-dimensional shape space S and a one-dimensional Lie group G. The points in Q are written as q = (φ, s), with φ ∈ S and s ∈ G. In the rest of the paper, we will adopt the notations q k = (φ k , s k ) ∈ Q, q k+1/2 = (q k + q k+1 )/2, and ∆q k = q k+1 − q k . The discretization is done in the spirit of discrete variational mechanics, as in [5] . Given a continuous-time Lagrangian L(q,q) =
, where h > 0 is the time step. The discrete dynamics is governed by the discrete Euler-Lagrange equations
where u k is the control input. The shape variable is not directly actuated. The kinetic energy is assumed to be G-invariant, but the potential energy is not necessarily G-invariant. The objective is to feedback stabilize an equilibrium (φ, s) = (φ e , s e ).
2 Following [2] , the continuous-time controlled Lagrangian is defined by
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Motivated by the continuous-time matching procedure (see [2] ), we define the discrete controlled Lagrangian by the formula L d τ,σ,ρ,ǫ (q k , q k+1 ) = hL τ,σ,ρ,ǫ (q k+1/2 , ∆q k /h). The dynamics associated with this Lagrangian is amended by the term w k in the discrete shape equation:
This term w k is important for matching systems (1) and (2). The presence of the term w k represents an interesting (but manageable) departure from the continuous theory. The discrete controlled momentum is defined by the formula J k = ργ ∆s k /h − (σ − 1)τ (φ k+ 1 2 )∆φ k /h . The following statement is proved by a straightforward calculation: 
The stability of equilibria of the controlled system is established by means of an analysis of the spectrum of the linearized discrete equations. The equilibrium to be stabilized is written as (φ k , s k ) = (φ e , s e ). Following [2] , we modify the control input (3) by adding the discrete dissipation-emulating term D(∆y k−1 + ∆y k )/2h in order to achieve the asymptotic stabilization. In the above, D is a constant.
Theorem 2.2
The equilibrium (φ k , s k ) = (φ e , s e ) of equations (2) is asymptotically stable if −β 2 (φ e )/(αγ − β 2 (φ e )) < σ < 0, ρ < 0, V ′′ ǫ (s e ) < 0, and D is positive. Remark. If the potential energy of the system is group-invariant (s-independent), one can study a less restrictive problem of orbital stabilization of relative equilibria φ k = φ e , ∆s k = const. In this case the second equation in (2) becomes the discrete controlled momentum conservation law. One can show that dynamics (1) reduced to the momentum level J k = p and dynamics (2) with w k = 0 reduced to the momentum level J k = µ are equivalent if µ = p/(1 − 1/σ). See [3] and [4] for details.
We now explore the use of the forced discrete Euler-Lagrange equations as the model in a real-time model predictive controller, with piecewise constant control forces. The digital controller uses the position information it senses for t = −2h, −h to estimate the positions at t = 0, h during the time interval [−h, 0]. This allows it to compute a symmetric finite difference approximation u 1/2 = u (φ 0 +φ 1 )/2, (s 0 +s 1 )/2, (φ 1 −φ 0 )/h, (s 1 −s 0 )/h to the continuous control force u(φ, s,φ,ṡ) at t = h/2. In the above, the overbar indicates that the position variable is being estimated by the numerical model. This control is then applied as a constant control input for the time interval [0, h]. The process is then repeated for the next time interval. Simulations for the benchmark cart-pendulum example demonstrate that the piecewise constant controller introduces dissipation-like effects, which are reduced as the time-step is decreased (see [4] for details).
